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Local Stress Measurement Using the 
Thermoelastic Effect 
A method for determining local stresses associated 
with stress concentrations by experimental measurement 
of temperature changes due to elastic deformation 
is described and experimentally tested 
by R. W. Dunlap, E. E. H~Jcke and D. V. Ragone 
ABSTRACT--A t e c h n i q u e  for  m e a s u r i n g  local s t resses  in  
meta l l i c  spec imens  is p roposed  a n d  tes ted .  T h e  tech-  
n ique  depends  on  t he  e x p e r i m e n t a l  m e a s u r e m e n t  of 
t e m p e r a t u r e  changes  in  s t ressed m e m b e r s  due  to a d i a b a t i c  
elast ic  de fo rma t ion .  A t  a free b o u n d a r y  in a b o d y  
u n d e r  p lane  stress,  these  t e m p e r a t u r e  changes  are 
d i r ec t ly  r e l a t ed  to  t he  va lue  of t he  t a n g e n t i a l  p r inc ipa l  
stress.  T h e  t e c h n i q u e  is su i ted  for  m e a s u r e m e n t  of 
s t r e s s - concen t r a t i on  effects, s ince t h e  t e m p e r a t u r e  
changes  c a n  be  m e a s u r e d  w i t h  t he rmocoup le s  f ea tu r ing  
ex t r eme ly  smal l  junc t ions .  
A s imple  s t r e s s - concen t r a t i on  geomet ry ,  t he  f inite-  
w i d t h  s t r ip  w i t h  a c e n t r a l  c i rcu la r  hole,  is chosen  as a 
mode l  s y s t e m  for th i s  s tudy .  H e a t  t r ans fe r  in  th i s  
g e o m e t r y  due  to  t he  t e m p e r a t u r e  g rad ien t s  p roduced  b y  
elast ic  d e f o r m a t i o n  is ana lyzed .  I t  is shown  t h a t  t h e  
r a t io  of t h e  t e m p e r a t u r e  change  a t  a reference sec t ion  
to  t he  c h a n g e  a t  t he  locale of t he  s t ress  c o n c e n t r a t i o n  
c a n  be  used to d e t e r m i n e  the  s t r e s s - concen t r a t i on  factor ,  
a l lowing for  h e a t - t r a n s f e r  effects. A n  e x p e r i m e n t a l  
m e a s u r e m e n t  s y s t e m  capab le  of o b t a i n i n g  reproduc ib le  
resu l t s  w i t h  t h e  t h e r m a l - m e a s u r e m e n t  t e chn ique  is de- 
scr ibed,  a n d  e x p e r i m e n t a l  resu l t s  are g iven  for  t he  mode l  
g e o m e t r y  wh ich  agree  f a v o r a b l y  w i t h  theo re t i ca l  pre-  
d ic t ions .  App l i c a t i on  of t he  t e c h n i q u e  to  o the r  p rob-  
lems  is discussed.  
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H = re l axa t ion  f u n c t i o n  
K = s t r e s s - concen t r a t i on  fac to r  
/~ = s t r e s s - concen t r a t i on  factor ,  f r o m  t e m p e r a t u r e  
change  r a t i o  
L = m i n i m u m  l i g a m e n t  d i s tance  
NFo = Four ie r  n u m b e r  = Kto/W 2 
r = polar  coord ina te  
SAB = Seebeck coefficient  
T = t e m p e r a t u r e  
Ta = a m b i e n t  t e m p e r a t u r e  
t = t ime  
to = un load ing  t i m e  
W = w i d t h  of s t r ip  
x = l e n g t h  coo rd ina t e  
a = l i n e a r - t h e r m a l - e x p a n s i o n  coefficient 
0 = po la r  coord ina te  
K = t h e r m a l  d i f fus iv i ty  
X = r a t i o  of hole  d i a m e t e r  to  s t r ip  w i d t h  = D / W  
p = dens i ty  
z~ = un i fo rm  un iax ia l  s t ress  fa r  f rom hole  
A0 = change  in s u m  of p r inc ipa l  s t resses  d u r i n g  
d e f o r m a t i o n  
AT = t e m p e r a t u r e  change  due  to  t he rmoe la s t i c  
effect 
ATho]e = peak  t e m p e r a t u r e  change  a t  roo t  of hole  
du r ing  d e f o r m a t i o n  
ATpl~te = peak  t e m p e r a t u r e  change  a t  re ference  sec t ion  
du r ing  d e f o r m a t i o n  
Introduction 
T h e  p r o p o r t i o n a l i t y  b e t w e e n  s t r e s s  c h a n g e s  a n d  t h e  
r e s u l t i n g  a d i a b a t i c  t e m p e r a t u r e  c h a n g e s  i n  e l a s t i c  
s o l i d s  w a s  f i r s t  p o s t u l a t e d  b y  K e l v i n  i n  1851,1 a n d  
v e r i f i e d  e x p e r i m e n t a l l y  b y  J o u l e  i n  1857 .  ~ S i n c e  
t h a t  t i m e ,  h o w e v e r ,  v e r y  f e w  i n v e s t i g a t i o n s  h a v e  
b e e n  d e v o t e d  t o  t h e  m e a s u r e m e n t  o f  s t r e s s  s t a t e s  
i n  s o l i d s  b y  v i r t u e  o f  t h i s  p r o p o r t i o n a l i t y .  R e v i e w s  
o f  t h e  p e r t i n e n t  l i t e r a t u r e  3 -5 s h o w  t h a t  o n l y  C o k e r  6 
i n  1904  a n d  N a d a i  7 i n  1911  h a v e  u s e d  t h e  t h e r m a l -  
m e a s u r e m e n t  t e c h n i q u e  f o r  s t r e s s - a n a l y s i s  s t u d i e s  
i n v o l v i n g  n o n u n i f o r m  s t r e s s  s t a t e s .  B o t h  i n v e s t i -  
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ga to r s  a n a l y z e d  the  b e n d i n g  s t ress  over  t h e  cross  
sec t ion  of  a s tee l  beam,  us ing  a l a rge  c ross - sec t ion  
size to  m i n i m i z e  the  t e m p e r a t u r e  g rad ien t s .  A 
l inea r  d i s t r i b u t i o n  of  s t ress  ove r  t he  cross  sec t ion  
was ver i f ied in each  s t udy .  Q u i t e  r ecen t ly ,  D i l l on  
and  T a u c h e r t  h a v e  m e a s u r e d  t h e r m o e l a s t i c  t e m p e r -  
a t u r e  changes  as  p a r t  of  a m o r e  genera l  s t u d y  of  the  
h e a t  g e n e r a t e d  du r ing  smal l  p l a s t i c  d e f o r m a t i o n s  of  
me ta l s .  8 T h e i r  s t u d y  i n c l u d e d  m e a s u r e m e n t  of  
t e m p e r a t u r e  changes  due to  t h e  e las t i c  b e n d i n g  of  a 
c an t i l eve r  b e a m ,  b u t  t he  r e su l t s  o b t a i n e d  were  
q u a l i t a t i v e  in  na tu r e .  
P r a c t i c a l  a p p l i c a t i o n  of  t he  t e c h n i q u e  up  to  th is  
t ime  has  been  l im i t ed  for two  reasons .  T h e  smal l  
t e m p e r a t u r e  changes  invo lved ,  t y p i c a l l y  0 .1-0 .4  ~ C 
for  m o s t  m e t a l s  a t  e l a s t i c - l imi t  s t ress  levels,  l ead  to  
i n s t r u m e n t a t i o n  a n d  m e a s u r e m e n t  p rob lems .  Also,  
i f  n o n u n i f o r m  s t ress  s t a t e s  a re  s tud ied ,  t e m p e r a t u r e  
dif ferences  p r o d u c e d  b y  d e f o r m a t i o n  are  d i s s i pa t e d  
b y  c o n d u c t i v e  h e a t  t r ans f e r  in t he  s t ressed  m e m b e r ,  
in t imes  which  can  be sma l l e r  t h a n  the  c h a r a c t e r i s t i c  
response  t i m e s  of  t e m p e r a t u r e - m e a s u r e m e n t  t r ans -  
ducers .  
T h e  p r e s e n t  s t u d y  was u n d e r t a k e n  to  i n v e s t i g a t e  
t he  l i m i t a t i o n s  a n d  p o t e n t i a l i t i e s  i n h e r e n t  in the  
t h e r m a l  t echn ique ,  p a r t i c u l a r l y  for  s tud ies  of  non-  
un i fo rm s t ress  s t a tes .  A n  a d v a n t a g e  of  t he  m e t h o d  
is t h a t  t e m p e r a t u r e  changes  can  be m e a s u r e d  w i th  
t h e r m o c o u p l e s  f e a t u r i n g  e x t r e m e l y  smal l  j unc t ions .  
Hence ,  the  t e c h n i q u e  would  a p p e a r  to  be su i t ed  for  
m e a s u r e m e n t  of loca l  s t resses  a s soc i a t ed  wi th  var i -  
ous  s t r e s s - c o n c e n t r a t i o n  geomet r ies .  F o r  th is  
s t u d y ,  a t y p i c a l  s t r e s s - c o n c e n t r a t i o n  g e o m e t r y ,  in- 
vo lv ing  the  tens i le  load ing  of  a f i n i t e -wid th  s t r ip  
con t a in ing  a c en t r a l  c i rcu la r  hole, is t a k e n  as  a 
m o d e l  s y s t e m  (Fig.  1). Since  a t h e o r e t i c a l  so lu t ion  
for  t he  s t ress  s t a t e  in t he  n e i g h b o r h o o d  of  t he  hole  
is ava i l ab le ,  t h e  t e m p e r a t u r e  d i s t r i b u t i o n  p r o d u c e d  
b y  e las t ic  d e f o r m a t i o n  and  the  changes  in th i s  tern-  
p e r a t u r e  d i s t r i b u t i o n  due  to  c o n d u c t i v e  h e a t  t r ans -  
fer  can  be ca l cu la t ed .  
A n  a n a l y t i c a l  s t u d y  based  on such  cons ide ra t i ons  
is made .  T h e  D u h a m e l  i n t e g r a l  is used  to  p r e d i c t  
t he  t e m p e r a t u r e  change  occur r ing  a t  t he  locale  of  
t he  m a x i m u m  s t ress  c o n c e n t r a t i o n  for  an  a r b i t r a r y  
l oad ing  schedule .  I t  is shown t h a t  the  m e a s u r e -  
m e n t  of  a t e m p e r a t u r e  change  r a t i o  can  be used  to  
d e t e r m i n e  t h e  s t r e s s - c o n c e n t r a t i o n  f ac to r  for  t he  
g e o m e t r y ,  r ega rd l e s s  of  h e a t - t r a n s f e r  effects.  Ex -  
p e r i m e n t a l  m e t h o d s  and  p r o c e d u r e s  used  to  mea-  
sure  t h e r m o e l a s t i c  t e m p e r a t u r e  changes  a re  t h e n  
ETC~ 
Fig. 1--Geometry, coordin- 
ate system and parameters 
involved in the model 
system 
discussed ,  and  e x p e r i m e n t a l  r e su l t s  for  t h e  m o d e l  
p r o b l e m  are  given.  S p e c i m e n  m a t e r i a l s  u sed  in  t h e  
e x p e r i m e n t a t i o n  inc lude  s t a in less  s teel ,  b r a s s  a n d  
a l u m i n u m  al loys ,  a n d  t h e r m o c o u p l e  v o l t a g e s  m e a -  
su red  a re  on the  o r d e r  of  t e n  m i c r o v o l t s .  T h e  ex- 
t ens ion  of  t he  e x p e r i m e n t a l  t e c h n i q u e s  u sed  for  the 
a n a l y s i s  of  the  m o d e l  g e o m e t r y  a n d  t h e  a p p l i c a t i o n  
of  t he  t h e r m a l - m e a s u r e m e n t  t e c h n i q u e  to  o t h e r  
s tud i e s  is d iscussed.  
Analytical Studies 
T h e  s t ress  s t a t e  in t he  m o d e l  g e o m e t r y ,  in  t h e  
a n n u l a r  r eg ion  w i t h  o u t e r  d i a m e t e r  W s u r r o u n d i n g  
the  hole,  ha s  been  i n v e s t i g a t e d  a n a l y t i c a l l y  b y  
H o w l a n d .  9, i0 T h e  m a t h e m a t i c a l  so lu t i on  has  been  
ver i f ied  e x p e r i m e n t a l l y ,  11 a n d  the  g e o m e t r y  has  
s e rved  as  a s t a n d a r d  for  s eve ra l  e x p e r i m e n t a l  s t ress-  
ana lys i s  i nves t iga t ions .  12. 13 
T h e  p e a k  s t ress  in t he  g e o m e t r y  occurs  a t  t he  
roo t  of  t he  hole, t he  l o c a t i o n  (r, t~) = (D/2 ,  0). 
F o r  th i s  s t u d y ,  t he  s t r e s s - c o n c e n t r a t i o n  f ac to r  for  
t he  g e o m e t r y  is def ined  as  t h e  v a l u e  of  t h e  p e a k  
s t ress  d i v i d e d  b y  the  va lue  of  t h e  n o m i n a l  s t ress  a~ 
far  f rom t h e  hole. (The  s t ress  ~ will  be r e fe r red  
to  as  t he  p l a t e  s t ress . )  T h e  s t r e s s - c o n c e n t r a t i o n  
f ac to r  def ined  in th i s  w a y  is 3.03 for  h = 0.1, a n d  
4.32 for  k = 0.5. 
T h e  s t ress  d i s t r i b u t i o n s  i n v o l v e d  for  t h e  two  
va lues ,  0.1 a n d  0.5, differ.  U s i n g  N e u b e r ' s  t e r m i -  
no logy ,  14 t h e  case h = 0.1 is an  e x a m p l e  of  a sha l low 
n o t c h  p r o b l e m ,  in which  the  effect  of  t h e  s t ress  con- 
c e n t r a t i o n  is loca l ized  a r o u n d  t h e  no tch .  T h e  case  
= 0.5 is an  e x a m p l e  of  t he  deep  n o t c h  where  t he  
d i s t u r b a n c e  of  s t ress  is loca l ized  over  t h e  m i n i m u m  
sect ion.  H e a t  t r a n s f e r  due  to  s t r e s s - i n d u c e d  tern-  
p e r a t u r e  g r a d i e n t s  in t he  f irst  case  is two  d imen-  
s ional  in  n a t u r e ;  for  t he  second  case,  h e a t  t r a n s f e r  
m a y  be  a p p r o x i m a t e d  b y  a one d i m e n s i o n a l  p rob -  
lem. T h e  a n a l y s i s  be low i n d i c a t e s  t h a t  t he  t em-  
p e r a t u r e - m e a s u r e m e n t  t e c h n i q u e  m a y  be  used  in 
e i the r  case  to  d e t e r m i n e  the  s t r e s s - c o n c e n t r a t i o n  
f a c t o r  for  t h e  g e o m e t r y .  
Heat-transfer Effects 
T h e  t h e r m o e l a s t i c  t e m p e r a t u r e  c h a n g e  for  an  
i n c r e m e n t a l  v o l u m e  e l e m e n t  in an  i so t rop i c  sol id  
u n d e r g o i n g  an  a d i a b a t i c ,  e l as t i c  d e f o r m a t i o n  is 5, 15 
A T  = - (Tao~/pC~)AO (1) 
T h e  t e m p e r a t u r e  change  is a s s o c i a t e d  w i t h  t he  
d i l a t i o n  p r o d u c e d  b y  the  d e f o r m a t i o n .  F o r  m a t e -  
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Fig. 2--Geometry and 
boundary-value problem in- 
volved in two-dimensional 
heat-transfer approxima- 
tion \ 
rials with a posit ive thermal-expansion coefficient, 
s imple tensile stressing is accompanied  by  a t em-  
pera ture  drop; simple compressive stressing, a tem-  
pera ture  rise; and  pure shear, no t empera tu re  
change. 
I f  the model geomet ry  is subjected to an instan- 
taneous  uniaxial loading (from stress zero to stress 
~ far  f rom the hole), the ins tantaneous  tempera-  
ture  change a t  each point  is given by  eq (1). A t  
locations far  f rom the hole, the t empera tu re  change 
is uniform over  the cross section, with A0 = a~. 
At  the edge of the hole, the radial  stress is zero, and 
+ A T ( r , O )  
BOUNDARY VALUE PROBLEM: 
Tt ( r ' e ' t )  = K[Trr ( r ,0 , t )  + -1Tr( ,0,t) + -2T00( . ,0 ,  t ) ] ,  
FOR ( D / 2 < r < W / 2 ,  o <  e < ~ / 2 ,  t > o )  
T ( r , e , o )  = T + A T ( r , e )  , ( D / 2 < r <  W/2, o < e<Tr/2) 
T (U /2 , f l ,  t )  = T (W/2,~) , t )  , ( t > o )  
F F 
T s ( r , o , t  ) = T0( r ,~ r /2 ,  t )  , ( t > o )  
the initia] thermoe]ast ic  t empera tu re  change is pro- 
port ional  to the tangent ia l  stress a t  each point. 
In  the neighborhood of the hole, the sum of principal 
stresses is a steep function of position, and the de- 
format ion  creates steep t empera tu re  gradients. 
Hence, the  ins tantaneous  t empera tu re  changes at  
the hole edge are quickly dissipated by  conduct ive 
heat  transfer.  
Ignoring the small loss due to convect ive heat  
t ransfer  f rom specimen surfaces to the air, heat- 
t ransfer  effects at  the root  of the hole can be studied 
with the boundary-va lue  problems shown in Figs. 
Fig. 3--Geometry and 
boundary-value problem 
involved in one-dimension- 
al~heat-transfer approxi- 
mation 
\ H HNHNHHH  
~T __ 0 - ~  T ( x , o )  = T a + A T ( x )  .~ 
j,o x_ 
STRIP EDGE 
DT = 0 
8 x  
BOUNDARY VALUE PROBLEM: 
T t ( x , t )  = K T x x ( X , t )  , ( o < x < L ,  t > o )  
T ( x , o )  = T a + A T ( x )  , ( o < x < L )  
T x ( O , t )  = T x ( L , t )  = 0 , ( t > o )  
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Fig. 4~Relaxation function 
calculated from approximate 
heat-transfer models (X = 0.5) 
4.8 
2 and 3. In  the two-dimensional  problem (Fig. 2), 
heat  conduct ion in the entire region surrounding 
the hole is accounted for. F r o m  symmet ry ,  only 
one quad ran t  of the geomet ry  need be considered. 
The angular  boundary  condit ions resul t  f rom this 
symmet ry ,  while the radial  condi t ion at  the hole is 
based on the absence of convect ive hea t  transfer.  
The radia l  bounda ry  condit ion at  r = W/2  is an 
approx imat ion  to the t rue physical  s i tuat ion,  but  
analysis  of s t eady-s ta te  t empera tu res  indicates  it  is 
a good approximat ion.  The one dimensional  prob- 
lem (Fig. 3) is an approximat ion  which is appl icable  
when hea t  t ransfer  from the root  of the hole is 
domina ted  by  the t empera tu re  gradient  across the 
min imum section. 
Both  problems can be solved, uti l izing Howland ' s  
results  and eq (1) to compute  the ini t ial  t empera-  
ture dis t r ibut ion.  Deta i ls  of the solutions are given 
elsewhere,'~' and only the per t inent  results  are shown 
here. The re laxat ion of t empera tu re  at  the  root  of 
the hole due to hea t  conduct ion is represented  by  a 
re laxat ion function: 
AT(t)/AT(O) = H(X, Nro) (2) 
This  is the  ra t io  of the t empera tu re  difference from 
the ambien t  a t  any  t ime t to the ini t ia l  t empera tu re  
difference; each t empera tu re  difference is eva lua ted  
a t  the root  of the hole. The re laxat ion  funct ion is a 
generalized dimensionless t empera tu re ,  and  is a 
function of X, the dimensionless geometry  parame-  
ter, and NFo, the Four ier  number,  or dimensionless 
time. F igures  4 and 5 show values  of this  relaxa- 
t ion funct ion computed  from resul ts  of both  the 
one- and  two-dimensional  analyses.  Resul t s  for 
X = 0.5 (Fig. 4) indicate  t h a t  the one-dimen- 
sional hea t - t ransfe r  model  is a good approx imat ion  
for small  t imes. Resul ts  for X = 0.1 (Fig. 5) show 
tha t  the one-dimensional  approx imat ion  is inade- 
quate,  and  the hea t -conduct ion  problem involved 
in this  shallow notch case is a lways  two-dimen-  
sional in nature.  
Tempera tu r e  re laxat ion  occurs r ap id ly  at  the 
hole. Fo r  example,  if a l - in . -wide  6061 a luminum 
specimen with  1/2-in.-diam hole were ins tan ta -  
neously stressed, Fig. 4 shows t h a t  10 msec la te r  
(corresponding to 100X/NFo = 3.24), only abou t  
80 percent  of the ini t ia l  AT would exist a t  the root  
of the hole. Since the hea t - t ransfe r  effects demon- 
s t ra ted  here can occur in such shor t  charac ter i s t ic  
times, both  the effect of finite loading t ime and the 
effect of thermocouple  response t ime on the tern- 
pera ture  changes are impor tan t .  
Loading-time Effects 
The re laxat ion  of t empe ra tu r e  a t  the root  of the  
hole is described by eq (2) for a s tep-funct ion  load-  
ing process. The  D uha m e l  in tegra l  is used to  give 
the re laxat ion  for an a r b i t r a r y  loading process in 
t e rms  of the  re laxat ion  for a s tep funct ion loading:  
f AT(t) = AT(O)H(t) + ~ ' ( r )H( t  -- r)dr (3) 
Here,  F ( r )  is the  loading function,  defined as the  
value of the  to ta l  AT developed a t  the root  of the  
hole up to t ime r, in the  absence of hea t - t rans fe r  
effects. The  loading funct ion can be computed  
from eq (1) and  a knowledge of the  load- t ime rela- 
t ionship.  E q u a t i o n  (3) simplifies to  eq (2) for the  
case of s tep-funct ion  loading. 
Two assumpt ions  are involved in the  use of th is  
equat ion  to de termine  t empe ra tu r e  changes devel-  
oped under  a r b i t r a r y  loading procedures.  F i rs t ,  
the loading ra te  mus t  be rap id  enough t h a t  hea t -  
t ransfer  effects o ther  than  conduct ion near  the  hole 
are negligible. Second, hea t -genera t ion  effects due 
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Fig. 5--Relaxation function calculated]from 
approximate heat-transfer models] 
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Fig. 6---Schematic temperature-response curves for linear 
loading, showing effect of heat conduction 
to thermoelastic dissipation must  be negligible, as 
they are not  accounted for in eq (1). The latter 
assumption rules out the use of eq (3) to s tudy the 
steady-state temperature changes involved in an 
oscillatory loading. Biot 16 has noted the second- 
order nature os the heat generation and resulting 
temperature changes due to thermoelastic dissipa- 
tion. This second-order heat  becomes important  
if it accumulates over a long-time period, as in an 
oscillatory loading schedule. 
Under these restrictions, eq (3) may  be used to 
determine temperature changes occurring at the 
root of the hole. The solution to this equation is 
afforded by  Laplace t ransform techniques, as the 
Laplace t ransform convolution integral is involved 
in the equation. Calculations are shown in the 
Appendix for the case in which the loading function 
varies linearly with time up to time to, and then 
remains constant.  This is the case of linear load- 
ing, an idealization of the loading pat tern  obtained 
in many  experimental situations. For this case, 
eq (A-3) governs the relaxation process, and tem- 
perature response curves are shown in Fig. 6. 
Here, the temperature  changes occurring at the root 
of the hole, both with and without  heat conduction, 
are shown schematically. Both  curves are normal- 
ized with respect to the maximum temperature 
change occurring in the absence of heat conduction. 
The peak temperature change which actually ob- 
tains in an experimental situation is always less than 
this maximum value, and occurs at  time to, as 
shown in the bo t tom curve. 
Technique to Determine  Stress-concentration Factor 
The peak temperature  changes which occur dur- 
ing linear loadings are particularly suited for experi- 
mental  measurement,  and form the basis of a tech- 
nique to determine the stress-concentration factor 
for the geometry with temperature measurements. 
A stress-concentration factor based on tempera- 
ture measurements is defined as the ratio of the peak 
temperature changes occurring at hole and plate. 
R = AThole/ATpl~ (4) 
This equation is applicable to any stress-concentra- 
tion geometry, comparing the temperature change 
at a discontinuity to the temperature change at a 
reference section. For the model geometry, the 
peak temperature change at the root of the hole is 
given by eq (A-4), and the peak change far from 
the hole is given by eq (A-5). I t  follows tha t  
fo '~ ~2 = Kto -1 H ( t ) d t  (5) 
where K is the stress-concentration factor for the 
geometry. Hence,/-C is a dimensionless quantity,  a 
function of the three dimensionless variables X, K 
and NFo. 
This equation can be evaluated for the model 
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Fig. 7--Analytical results, showing relationship between 
variables used in thermal-measurement technique 
geometry,  using the previous two-dimensional  ap- 
proximat ion to the re laxat ion function. The  re- 
sults of the evalua t ion  are shown in Fig. 7, for the 
two ca se sh  = 0.1 and h = 0.5. In  each case, the 
re la t ionship between 1/ /~ and NFo 1/'~ is near ly  linear. 
The in tercept  of each curve is l / K ,  while the slope 
of each curve is re la ted to the stress and result ing 
t empera tu re  gradients  involved in the problem. 
For  a problem involving no hea t  transfer,  a line with 
zero slope is obtained.  
The technique for determining the stress-con- 
cent ra t ion  factor  from thermal  measurements  con- 
sists in making  a paramet r ic  s tudy  of the tempera-  
ture changes during l inear loading, c o m p u t i n g / ~  for 
each da ta  point  by  eq (4), and plot t ing 1/ /~  values 
vs. values of the square root  of the Four ier  number  
for the geometry.  The inverse of the stress-con- 
cent ra t ion  factor  is the in tercept  of this plot.  
Upper and Lower Bounds 
An exper imenta l  verification of the technique is 
based on da t a  obta ined  for the model  geometry,  for 
the case h = 0~ Based on the ana ly t ica l  model, 
upper  and lower bounds for the exper imenta l  da t a  
can be established.  These bounds  refer to lines on 
the plot  of 1//~T vs. N~o I/~-, between which val id  
exper imenta l  da t a  should lie. 
A lower bound for the da t a  is the line for X = 0.5 
shown in Fig. 7. This  line, based on the two- 
dimensional  hea t - t ransfe r  approx imat ion  discussed 
above, underes t imates  the amoun t  of hea t  conduc- 
t ion which occurs, especial ly a t  large t imes. There-  
fore, val id  exper imenta l  da t a  will lie on or above this  
line. 
An upper  bound for the da ta  can be based on an 
examinat ion  of eq (5). The  re laxat ion  function, 
Fig. 4, is monotone  decreasing and it follows t h a t  
, l't~ > toll(to) (6) 
F r o m  eq (6) and  eq (5), an upper  bound  for the  
da t a  follows: 
1/I~ < [KH(to) ] -1 (7) 
The  upper  bound  can be eva lua ted  f rom a knowl- 
edge of the  two-dimensional  re laxat ion  function.  
Both  bounds  are shown in Fig. 12, where the  experi- 
men ta l  da t a  are also shown. 
Experimental Equipment and Procedures 
Exper imen ta l  measuremen t  of thermoelas t ic  tem-  
pera ture  changes depends  on careful exper imenta l  
technique.  M e t hods  used to load tes t  specimens 
and measure  the  t empe ra tu r e  changes produced  are 
summar ized  here. F u r t h e r  detai ls  concerning the 
exper imenta t ion  are found elsewhere. '~ 
Loading System 
A s t anda rd  gui l lo t ine- type loading f rame is em- 
ployed, in which the specimen is axial ly  loaded 
(Fig. 8). The  sys tem is designed to  produce a 
change in stress by  unloading.  This  ensures elastic 
response of the specimen, and allows easy adjus t -  
men t  of the unloading time. The  specimen is 
loaded by  suspending weights from a quick-release 
magne t  a t  one end of a beam. 
The unloading t ime has to be small  enough to 
preclude excessive signal losses due to the rmal  re- 
laxat ion a t  the hole, and large enough to ensure 
quasi -s ta t ic  loading. The  unloading t ime is a func- 
t ion of the magnet-energiz ing-ci rcui t  pa rame te r s  
(Fig. 10), and can be var ied  through a two to one 
ra t io  for a given load. Unloading  t imes used in the 
exper imenta l  p rogram var ied  between 7 and 20 
msec. A typ ica l  s t ra in-gage trace,  showing the 
l inear  approx imat ion  to the unloading curve, is 
given in Fig. 11. 
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Fig. 9--Specifications for strip specimen 
with central hole 
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Fig. lO--Schematic diagram of 
measurement circuit 
energized by  actuat ing a D P S T  microswitch. This  
switch closes a re lay circuit af ter  an adjustable  t ime 
delay, thereby  init iat ing the unloading cycle. Si- 
mul taneously ,  the CRO traces  are triggered. Upon  
unloading, the beam is free to ro ta te  in the vert ical  
plane. Weights,  weight  pan  and rod, and lower 
magne t  pla ten fall on a hydraulic  p la t form and can 
be raised into position to  prepare for a subsequent  
unloading cycle. 
A typica l  specimen design is shown in Fig. 9. 
Specimens are designed with a sufficient l eng th-  
width  rat io  to ensure t h a t  a uniform uniaxial stress 
s ta te  exists in a large region on either side of the 
central  hole. The  extent  of these regions is suffi- 
cient to ensure t ha t  the signal f rom a thermocouple  
moun ted  here is unaffected by  axial heat  conduc- 
tion. Bending effects are minimized by  the use of 
pin loading and specification of close dimensional 
tolerances for the specimens. Specimen pin holes 
are 0.020 in. oversize, and radiused in the thickness 
dimension. Hence,  the specimen is free to ro ta te  
about  the pin bo th  in and perpendicular  to the 
plane of the specimen, to main ta in  axial loading. 
The  specimen is pres t ra ined with several  load- 
unload cycles a t  a stress level slightly higher than  
the level used for subsequent  measurements .  
Measurement System 
The  measurement  sys tem is shown in Fig. 10. 
For  each unloading cycle, a strain-gage signal and a 
thermocouple  signal are s imultaneously monitored.  
A strain gage moun ted  a t  one plate location on 
the specimen is used to provide a reference signal 
to which the thermocouple  signal can be compared.  
Foil- type s t rain gages are used, and a conventional  
Wheats tone  bridge circuit with d-c coupling to the 
CRO is employed.  
The  thermocouple  signal measurement  circuit 
features a commercial  a-c low-noise amplifier and 
external impedance match ing  input  t ransformer.  
Sys tem gain is ~55,000,  and input  resistance 30 
ohms. Sys tem noise referred to input  for band- 
width 10-1000 Hz is 0.04 #v rms, and is moni tored 
with a commercial  t rue rms  vol tmeter .  
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Fig. l l --Strain gage and thermocouple signals for 70-30 
brass specimen, showing linear approximation to 
unloading curve 
Thermocouple signal levels range from 3 to 20 
#% and achievement of a good signal-to-noise ratio 
depends on careful use of shielding, grounding and 
isolation techniques. Opt imum results are ob- 
tained when the specimen is electrically isolated 
from the loading frame, the magnet  circuit is elec- 
trically isolated from the other measurement-sys- 
tem circuits, and electromagnetic and electrostatic 
shielding is used in the input circuits. The stan- 
dard deviation for a thermoeouple signal, measured 
in a number  of successive unloading cycles, is always 
less than 3 percent, and is typically 1-2 percent. 
Thermocouple Characteristics 
A differential input, intrinsic thermocoup]e is used 
for the measurement.  One lead, wire C in Fig. 11, 
is at tached to the specimen at an isothermal junc- 
tion. The other leads are single, bare thermocouple 
wires welded separately to the specimen at either 
plate or hole locations. A resistance-welding tech- 
nique is employed, using a commercial d-c stored- 
energy welding power supply and handpieee, and a 
micromanipulator to position the wire. Wires are 
welded flat to the specimen surface or hole edge, 
and a typical weld (5 rail wire) is oval in cross sec- 
tion, with maximum width 8 mils and length 15 
mils. Surface and wire damage is minimized with 
proper welding procedure, and metallographic cross 
sections of the welds reveal typical  surface damage 
less than 0.5-1.0-mils deep. 
The temperature-change measurements are mark- 
edly affected by the response characteristics of the 
thermocouples. Experiments with thermocouple- 
wire diameters ranging from one to 10 mils, welded 
at various energy levels, show the effects of variable 
thermocouple response. 5 Poor  response leads to 
signal a t tenuat ion and the presence of a large lag 
time between the end of unloading denoted by the 
strain signal, and the time at  which the thermo- 
couple signal reaches maximum deflection. These 
effects are minimized for the smallest wire size in- 
vestigated, and minimal welding energy. However, 
the response characteristics of these small-wire 
thermocouples are not reproducible, and all data  
are taken using 5-mil-diam, Chromel and Constan- 
tan wires. Although these larger-wire thermo- 
couples have slower response, results between differ- 
ent thermocouple installations are reproducible. 
To ensure identical response characteristics for the 
hole and plate thermocouples, the lag times asso- 
ciated with each couple are compared. Valid data  
are obtained only when the lag time associated with 
the hole thermocouple is less than  the lag time 
associated with the plate thermocouple, under 
identical unloading conditions. This criterion is 
demanded because of the effect of heat  transfer in 
the specimen at the hole, and is discussed fully else- 
where. 5 
Experimental Procedure 
The amplifier responds to an a t tenuated signal 
SABAT, where SAB is the Seebeck coefficient of the 
thermocouple A-B, and AT is the thermoelastic 
temperature  change. The degree of signal at tenua- 
tion depends on the combined response characteris- 
tics of the thermocouple-amplifier system. All 
measurements are made with an amplifier band- 
width 0.5-1200 Hz, but  the upper frequency limit 
of the combined system is typically set by  the 
thermocouple response characteristics. I f  the com- 
bined system response is identical for measurements  
made at plate and hole locations, and if identical 
thermocouple materials are used for the two mea- 
surements, the ratio of the voltage measurements  
yields/~,  by eq (4). 
Comparison of the voltage levels is made at the 
end of unloading, where the strain-gage signal 
exhibits a discontinuity in slope. Signal-amplitude 
measurements at this point are preferable to mea- 
surements of peak deflections because of small 
fluctuations in stress level which occur after unload- 
ing. The thermocouple-signal amplitudes are mea- 
sured at different oscilloscope sensitivities, and plate 
and hole signal deflections average 2 and 4 cm 
respectively on the CRO screen. Twelve unloading 
cycles are usually performed for each thermocouple 
location, and a mean value and s tandard deviation 
for the deflection are calculated. Results are then 
corrected for the effect of circuit loading due to the 
low input impedance of the amplifying system, and 
1//~ values and associated s tandard deviations are 
calculated from eq (4). 
Experimental Results 
Typical  strain-gage and thermocouple traces for 
a 70-30 brass specimen are shown in Fig. 11. 
Measurements are made with thermocouple polari ty 
reversed, so tha t  strain and temperature  deflections 
have the same sign. The traces from two unloading 
cycles are superposed, hence the strain gage and 
hole and plate thermocouple signals are shown 
simultaneously. The curves shown are copied 
directly from Polaroid print records. The effect of 
thermocouple response is seen in the lag-time phe- 
nomena previously discussed. The hole-thermo- 
couple lag time shown here is less than  the plate- 
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TABLE 1--EXPERIMENTAL PARAMETERS AND RESULTS 
I 
M a t e r i a l  W i d t h ( i n . )  K (cm~/sec )  t o ( m s e c )  IO0~/NF0 ~ o ( p s i )  
321 S.S. 2.00 0.041 7.25 =~ 0.25 0.34 
321 S.S. 1.75 0.041 7.25 • 0.25 0.39 • 0.01 
321 S.S. 1.25 0.041 8.0 ~- 0.3 0.57 
304 S.S. 1.00 0.041 9.5 ~ 0.5 0.78 • 0.02 
70-30 Brass 1.00 0.368 9.5 • 0.25 2.33 ~ 0.07 
6061-T6AI 1.00 0.676 12.0 ~ 0.3 3.55 • 0.i0 








* Ho le  a n d  p l a t e  t h e r m o c o u p l e s  h a v e  u n m a t c h e d  r e s p o n s e  c h a r a c t e r i s t i c s ,  as  s h o w n  b y  lag  t i m e s .  
0. 245" 
0. 239 =e 0.008 
0. 267" 
0.251 =~ 0.008 
0.276 • 0.006 
0. 304 =e O. 005 
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Fig. 12--Experimental data, with data bound lines 
calculated from heat-transfer analysis 
thermocouple lag time, and response characteristics 
of the two thermocouples are closely matched. 
Table 1 reports parameters and results for the 
specimens used in the experimentation. Thermal  
diffusivity values listed are taken from recent prop- 
er ty  compilations, and are felt to be accurate to 
5 percent. Unloading times listed are measured 
from the strain-gage traces, and s tandard deviations 
calculated from the data  are shown. Error  limits 
shown for the Fourier number  parameter  are cal- 
culated from standard deviations associated with 
the thermal diffusivity and loading-time values. 
The stress levels shown are stress ranges at  the plate 
locations, calculated from the strain-gage deflec- 
tions. Values of 1/ /s  calculated from the experi- 
mental  temperature measurements are also shown, 
with associated s tandard deviations. 
Results are presented in Figs. 12 and 13. In  Fig. 
12, upper and lower bounds from the analysis are 
shown, and experimental data  listed in Table 1 are 
plotted, including data  for the two specimens which 
failed to satisfy the thermocouple lag-time criterion. 
The effect of dissimilar thermocouple response at 
the two measurement  locations is shown by these 
two data points. Here, thermocouple response at 
the hole location is slower than  plate thermocouple 
response, and signal a t tenuat ion is greater for the 
hole thermocouple signal. Hence, these two data  
points lie above the upper bound. The valid data  
points, however, lie within the theoretical bounds, 
or have error limits which extend into the region 
predicted by the analysis. 
The experimental technique for determining local 
stresses with thermal measurements is shown in 
Fig. 13. The five valid data  points are plotted, and 
the intercept of the straight line which best fits the 
experimental data is the inverse of the stress- 
concentration factor. The straight line shown 
minimizes the sum of squares of deviations of the 
dependent variable 1//~ and assumes the indepen- 
dent variable is exact. A linear correlation of the 
data with the assumption tha t  the 1//~ values are 
exact and the Fourier number  parameter subject to 
error gives the same value for the stress-concentra- 
tion factor. The stress-concentration factor ob- 
tained from the analysis, with a 95 percent con- 
fidence range, is 4.3 • 0.18. This agrees well with 
the theoretical value of 4.32 from How]and's  analy- 
sis. 
Discussion 
The experimental technique can be extended to 
geometries where an analysis cannot be made. The 
technique in these cases consists in identifying the 
Fourier number  for the geometry, making tempera- 
ture-change measurements at  various values of this 
parameter, and correlating the data in the manner 
shown in Fig. 13. 
The similarity of stress distributions involved in 
various stress-concentration geometries allows this 
extension. This similarity is formalized in concepts 
such as the "equivalent ellipse ''17 and the "law of 
the stress gradient. ''14 The analytical results from 
the model geometry also give confidence tha t  the 
technique m a y  be extended. The method is valid 
both for the shallow notch case, involving a two 
dimensional heat  flow geometry, and  the deep notch 
case, involving essentially a one-dimensional heat- 
flow geometry. 
o . 31, 
. . . .  
0 3 0  
o .  26  
o.5 1.0 LS 7,o ~.5 ?.0 3.5 a.~ 
Fig. 13--Linear correlation of data involved in thermal- 
measurement  technique 
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Pert inent  applications of the technique extend to 
problems for which local rather than full-field s tress  
measurement conveys adequate information. The 
effects of notch shape and depth on stress concen- 
trat ion are examples, as is the s tudy of the inter- 
action and superposition effects TM of holes and 
notches. Dynamic  stress-concentration measure- 
ment is also a possible application of the thermal- 
measurement technique. Here, useful results can 
be obtained only if thermocouples with micro- 
second-response characteristics are used, and the 
use of ultra-fine-wire thermocouples and carefully 
controlled welding techniques are indicated. Re- 
cent measurements of microsecond-response char- 
acteristics for thermocouples have been re- 
ported.19,  20 Finally, Dillon's measurements of 
thermoplastic temperature changes and the use of 
temperature-change measurements to s tudy plastic 
deformations should be mentioned. 2~, 22 Extension 
of the thermal-measurement technique to these 
problems could provide valuable information for the 
experimental stress analyst. 
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APPENDIX 
Temperature Changes During Linear Loading 
At the hole thermocouple location, the tempera- 
ture change is described by eq (3) for an arbi t rary  
loading process. The transformed equation corre- 
sponding to eq (3) is 
A T ( s )  = s ~ I ( s ) F ( s )  (A-l) 
where s is the Laplace t ransform parameter  and 
F(s), for example, is the Laplace t ransform of the 
loading function F(t): 
F ( s )  = f o ~ e - S t F ( t ) d t  
For the linear loading, the loading function is shown 
in Fig. 6 (upper curve), and is represented by the 
equation 
F( t )  = t A T . ~ x / t o ,  t ~_ to 
= ATm~x , t >__ to 
The constant,  AT, ..... represents the maximum tern- 
perature change, corresponding to the maximum 
stress re~ched at the root of the hole: 
~ T l  . . . .  = - T . ~  . . . .  / p C p  
Hence, the transform F(s) is given as follows: 
F(s )  = [ATmax/tos2](1 - -  e st,,) (A-2) 
Substi tut ing eq (A-2) into eq (A-l) and inverting, 
the temperature change at the root of the hole for 
linear loading is 
fo AT(t) = ( A T , , ~ / t o )  H ( t ) d t ,  t <_ to 
(A-3) 
= (AT ..... /to) - t H ( t ) d t '  t >_ to 
o 
The peak temperature change occurs at  t ime to, and 
is 
f,  to AT(to)  ~ ATho~e = (AT ..... /to) t I ( t ) d t  (A-4) 
At the plate thermocouple location, a uniform 
stress state exists, and no heat conduction occurs. 
The maximum stress during linear loading is 
~ ..... / K ,  where K is the stress-concentration factor. 
The corresponding peak temperatures  change is 
AT~te = A T m ~ / K  (A-5) ~ 
The ratio of peak temperature changes at  hole 
and plate is defined as /~ ,  eq (4). The expression 
for /~ in linear loading, eq (5), results from the 
substitution of eqs (A-4) and (A-5) into eq (4). 
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